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ABSTRACT 

We bring an example which shows that in a theorem due to Cartwright, 
Spencer and Hayman concerning areally mean p-valent functions a multi- 
plicative constant cannot be reduced to 1. (This is possible in the corresponding 
theorem for circumferentially mean p-valent functions). 

We first recall the following definition [1]. Suppose that 

f ( z )  = a o + alz  + a2z 2 + . . .  

is regular and not zero in I z [ < 1. Denote by D the domain on which I z { < 1 is 
mapped by the function f ( z ) .  Denote by W(R) the area (counted with the approp- 
riate multiplicity) of  that part of  D which is enclosed in the circle { w { =< R. 

A function f ( z )  for which W(R) < p"  nR 2 for every positive R is said to be 
areally mean p valent. (a.m.p.v.). We also recall the following theorem: Suppose 
that f ( z )  is an a.m.p.v function and not zero in ] z I < 1 Then we have 11]: 

(I) [a°[dl-lzl~2P {lit-=-----,--~di+izl'ff ,o< l~l< i, 
c <'f(z)'<'a°'c\,-IzlJ 

where c = e 2~tp+l/2 

Our aim is now to show the following 

THEOREM 1. Suppose that for  every function f ( z )  = ao + atz  + a2 z2 + ... 
a.m.p.v, and not zero in I zl < 1, we have the following relation: 

ao (2) [____~l. [1 - ] z  []2, 2, 
d2e'~, \a+lzl] <lf(z)l<la°ld'e"P ' ° < l z l < l '  

then it follows that d t , d  2 >- 2[~le. 

Proof. The inequality dt >- 2[w/e will be shown with the aid of  the function 

( l+q 
f ( z ) = k + l o g  1 + l _ z ] , k > 0 .  

Received December 28, 1967. 

119 



120 DOV AHARONOV 

We have: Re f(z) ~ k, [ Im f(z) I < n/2. 
Clearly f(z) is univalent. Thus the area of the part of the image of [ z I < 1 by 

f(z) which lies over I+1 < R, does not exceed the area of the rectangle Iv 1 < =/2, 
k < u < R, i.e.n(R - k). Since 

n ( R - k )  <__1 k < R < o %  
nR 2 = 4k = 

f (z )  is mean p-valent° with p = 1/4k. Thus we have from (2): 

V-Z~- z / i  < d~ e ' ' / + k  xm 
(3) k + log  2 " 

W e  n o w  c h o o s e  z such that 0 < z < 1 and (1 + z/1 - z)  = e k. Then  from (3) 

we have: 

k + l o g o  + e k) < dxem,/+~el/2. 
(4) k + log2 

I f  n o w  k -~ oo, we  get f rom (4): 2 _-< die 1/2. 
For the proof of the second inequality we define: 

[ l+l  + z~ f(z) = k + log \ i---Z~ ] , k, l > 0, k + log I > 0. 

By similar considerations to the first case, the function f(z) is a.m.p.v, for 
p = 1/(4(k + log/)) and we may use (2) for this value of p. So: 

( l+z  
] k + l ° g l + ~ - z ] [  1 (1-1z1 1, , 

k + l o g ( / +  1) > d2emd," \ l - -~ l z l  ] where t = k + log I. 

We now take - 1 < z < O, and set u = (1 + I z 1/1 - I z [). Then: 

t + l o g ( 1  + 1//) 
(5) d2 > emd+'ul/2+[t + log(1 + 1/ul)] 

If, in particular, l[l= u = e t, we get: 

t + log (1  + e t) 
(6) d2 > emd+telt2(t + log 2) " 

If  now t-~ or, we have d2 ->_ 2/v/~, and the proof is complete. 
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